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Abstract 

We study the supersymmetry generators Q, S on the 1-loop vector less sector of A/" = 4 super Yang- 
Mills, by reduction to the plane-wave matrix model. Using a coherent basis in the su(2|2) sector, a 



comparison with the algebra given by Beisert in|nlin/0610017 is presented, and some parameters (up to 



one-loop) are determined. We make a final comparison of these supercharges with the results that can be 
' obtained from the string action by working in the light- cone- gauge and discretizing the string. 

> 

'sj- , 1 Introduction 

\o _ 

I The gauge/string duaUty has been the object of study for more than a decade by means of the AdS/CFT 

■ correspondence, [11 [51 [3] between IIB superstrings on AdS^ x and Af = {Nc) super Yang-Mills theory in 

I four dimensions. But while the results calculated from the gauge theory are perturbative in 't Hooft coupling 

00 ■ A = gYM^c, the calculations on the string side are valid for strong coupling A. 

This strong/weak property of the duality limited its study to operators/states in sectors protected by 
supersymmetry, as these would receive no quantum corrections. But a heuristic comparison of the algebraic 
structures in the weak/strong coupling limits was possible by taking the plane- wave limit, or BMN limit [4 . 
On the gauge theory side, the BMN limit is taken by considering single trace operators, i.e. Nc very large, with 
' large i?-charge of so (6) J ~ ^/Nc and conformal dimension A , keeping A — J finite. These operators consist 

of a chiral primary (trace of a large number of a complex field) with some impurities (other complex fields, 
bosonic or fcrmionic). Even though the 't Hooft coupling A — gyj^jN^ is very large, one can use perturbation 
theory provided some effective coupling A' = gyf^iNd J"^ ^ 9ym kept fixed and small. 

On the string side we start from the Green-Schwarz action on the AdSs x S*^ [5], with J ~ \/7^ now 
being the angular momentum in one of the directions of S^. We also take the energy E (generator of time 
translations in AdS^) to be large, obeying E ~ J finite, thus originating point-like closed strings with large 
angular momentum in . In light-cone gauge, the quantity E — J is just the light-cone hamiltonian, and the 
light-cone momentum P+ = E + J is very large. In this case, there is an effective coupling just A = 4A/P^, 
which is equivalent to A' in the limit J —^ oo (^+/2 —> J). This limit allowed a direct comparison of the 
dilatation operator in SYM (anomalous dimensions of operators in the conformal field theory) to the energies 
{E — J) of point like semiclassical string oscillations in the plane-wave geometry. 

The algebra of symmetries, psu (2, 2|4) is central in AdS5/CFT4 correspondence, as both the gauge theory 
and its string theory dual have the same underlying supersymmetry algebra. The two dimensional sigma- 
model which gives us the perturbative string theory in AdS^ x 5'^ [5] has a manifest global symmetry under 
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PSU(2,2|4) [6l[7], which is the same group of internal and space-time symmetries of the TV = 4 SYM (see 
[S] and references therein). 

In particular, one can use the algebra to compare the scattering of particles in the duality. For large 't 
Hooft coupling the scattering is best described by string theory, but for small 't Hooft coupling the spin- 
chain description is more adequate. It was shown by Beisert that the non-pertubative S-matrix is almost 
completely determined by the centrally extended algebra su(2|2) ® su(2|2) [9l[T0], up to an overall dressing 
phase (determined by a crossing symmetry restriction [TTl [T2j [T3j [H]). Each of these centrally extended 
algebras su(2|2) has the following structure: bosonic (kinematical) generators R'^,L'^, corresponding to the 
rotation generators of the bosonic subalgebra bu (2) 0su (2) ; fermionic (dynamical) supersymmetry generators 
Q", Q^^; and three central charges H, C, C'l'(hamiltonian, generator of space translations and of boosts)ll| 
Their commutation relations are: 



In the above expressions, J*'^ (where M G {a, a}, a being bosonic indices and a being the fermionic ones), is 
any element of the Lie algebra. From the elements of the algebra, the dilatation operator (or central charge 
hamiltonian) has been studied in detail (see [S] and references therein). 

Much has been done on the study of sectors of this superconformal algebra on the string side [TSl [ISl [IZl 
[TSl[Tn]. On the gauge side, Beisert has perturbatively studied and determined the action of the generators of 
the superalgebra su(2|2) up to two loops, by first restricting to the subalgebra su(2|3) whose fundamental 
representation consists of three complex scalars and two complex fermions |20| . and finally considering an 
infinite chain of one of the scalar operators [9]. Using Bethe Ansatz techniques it was later conjectured an all 
loop result in this sector for the action of the algebra generators [TUj . 

In this work, we present the SUSY algebra in terms of a matrix model reduction of Yang-Mills Theory 
in the large N limit. The matrix model has played a very useful role in large N theories. In fact, the ^ 
Bogomol'nyi-Prasad-Sommerfield (BPS) sector of A/" = 4 SYM is completely described in terms of a complex 
matrix model [2TJ [22j |23l [24j [25] , and the j BPS generalization is also of great interest (work in progress). 
Presently, the interest is in the detailed construction and comparison of supercharges and their commutation 
relations both on the Yang-Mills and on the string side. We will demonstrate that the algebra given by Beisert 
in [TD] (at least at one loop) is correctly reproduced from the reduced Matrix model point of view. 

In [55] it was seen that the plane- wave matrix theory [H [57] arises when compactifying A/" = 4 SYM in 
M X 5''^ followed by a consistent truncation in order to keep only the lowest Kaluza-Klein modes (see also 
[551 [53]). These modes have masses proportional to a mass parameter, given by (^) = This theory 

was shown (in some sectors) to still be intcgrable up to four- loops [301 [31] ■ Study of this model is simpler 
than the full A/" = 4 SYM, and can be found in Section [5] In this section we present a detailed study of the 
supercharges Q and 5, following the approach of [26 . In Section [31 we restrict the action of the generators 
of the algebra to a subsector su(2|2). The results presented in this paper are one-loop, and we compare 
our results with the non-local generators presented in (lOj. evaluating some of the parameters defining these 
generators. 

Some methods have been employed in the gauge theory side that allowed a comparison of the hamiltonian 
to string theory equivalent algebra generator. Such methods include the use of coherent states, (351 [331 [31] 
collective field theory and string field theory [35[ I36j . In this framework one can compare a discrete (first 

^Note that = Q}^ and the same relation holds to the central elements C and CT. 
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quantized) version of the supercharges on the string side with the oscillator expansion of the charges in SYM, 
in the BMN hmit. 

In Section [3] we use a coherent state basis to write the supercharges, which are then shown, in Section [H 
to have the same structure as the first quantized version of the algebra generators determined from the string 
action. In Section [5] we present a summary of the results, and some future paths of investigation. 



2 AT = 4 SYM on M X S'^: A review 

In this first section, we summarize the method of finding the supercharges of su(2,2|4) up to 1-loop, as can 
be found in [2i[26|Il 

The action for A/" = 4 SYM in four dimensions can be obtained from dimensional reduction of the 
A/" = 1 10 dimensional SYM on a 6— torus. Using the notation where the D = 10 Dirac matrices split into 
SO (1, 3) X SO (6), the action becomes: 

+ {p.f^ X\^a' [4, Ay - [pI) {X^f [4>\ A^] } . 

We have a vector field A^, six real scalars (f)i and four Weyl spinors XaA (all in the adjoint representation 
of the gauge group). The six scalars transform in a 6 of the i?— symmetry group SO (6) = SU (4)^, while 
the spinors transform in a 4. Coordinate indices are = (t,a;°), /x = 0, ...,3, with the spacial coordinates 
having (curved) indices a — 1,2,3. The metric is given by 

ds^ ^-dt^ + {d9^ + sin^ edi;^ + sin^ 9 sin^ t/jdx^) , 

where R is the radius of S^, and 7?. = is the Ricci scalar. 



Some Notation 

From this point on we will be considering cr'' = (l,cr") and = (— 1,it"), where the ct" are the usual 
Pauli matrices pulled back to S^. Also, pf^ = af^ are the Clebsch-Gordan coefficients of SU (4) that relate 
two 4 irreducible representations (irreps) with one 6. These coefficients have several properties, in particular 

Finally, one comment about the Weyl spinors. We know that in D = 10 we start from a 32-component 
complex spinor, and by imposing a Majorana-Weyl condition, obtain a 16-component (after fixing the k- 
symmetry) spinor L. This spinor can be written in terms of Weyl spinors as 

L = 

with a = 1, 2 and A = 1,2, 3, 4. The A""^ are four 2-componcnt Weyl spinorsl^l 

^We will be following the notation of |26| . in which a different basis for the 7— matrices is used. The same procedure could 
be done by following 1281 choice of basis. 

^ In the basis used in |28j . the separation of L into L = (L+ L-)'^ becomes a separation into SU (2)^ X SU (2)^, for which 
one uses dotted/undotted indices a, a. In the basis used in 26 this separation is not obvious. 
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2.1 SUSY transformations and corresponding charges 

The SUSY transformations arc given by: 

We want to build the Noether charge Q-q . To do so we need to take into consideration the pairs of 
canonical variables. From the action, we have the following (anti-)commutation relations: 

[F,,.A^] = 5;:, 

{-^[x\a')^,X^^] = 5i5l 

Also one has to take into consideration that rj"'^ are Killing spinors, which in R x S''^ obey the equation 
V^ry = ±2^(T^?7, and so will give us two solutions 'q±. We will then obtain two charges Q = Ql and Q = Qn, 
corresponding to 77+ and rj- respectively. 

The fermionic Noether charges are thufl 

Qf]=^— I dJ7Tr|-2aV°'5^A^-2i (A^)^(7°(5^A^|. 
9ym Js^ ^ 

For the purposes of this paper, we will simplify the calculations by setting the vector field to zero (we 
will be looking only at the sector of scalars and spinors). This truncation is consistent with the one-loop 
calculation we will be performing. 

The non-vector sector of the charges Qrj is given by: 

9ym J S3 ^ ^ 11/ 

2i (^X^Y (^-2Uab {a^y i<T^n'' " 2V„$as (a")^ - (^ab (a")"^ iaV^r?^ - 2i [$ac, Vb) | , 

(2) 

where Hab is the momentum conjugate to the bosonic field <i>"^-^. 

We now have the an expression for the supercharges. The next step is to evaluate it on M x S'^: we expand 
the four-dimensional fields in terms of the spherical harmonics of , and then perform the integration of the 
sphere. 

2.2 Harmonic Expansion on and the Plane-Wave Limit 

Each field, defined by its spin, will have a decomposition in spherical harmonics on . These spherical 
harmonics can be labeled by the irreducible representations {mL^mji) of the isomctry group 5*0 (4) = 
SU (2)^ (g) SU (2)^. As such, we have: 

• Spin 0: We have scalar spherical harmonics i^(o/' ™ ^^^'^ irrep (fc + 1, fc + 1). Their mass will be (A; + 1) /i?. 

"^For comparison purposes, one could also write this charge, in the SU (2)^^ X SU (2)^ formalism, as 

9ym 
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• Spin i; In this case we'U use spinor spherical harmonics: Y^i/^^, hi the irrep (fc + 2, fc + 1); Y([^/2) ' 
the irrep (A; + 1, A: + 2). Both have mass (fc + 3/2) /R. 

As usual, k labels different irreducible representations, and / enumerates the elements of a particular irrep 
(/ = 1 • • • d, where d is the dimension of the representation) . 

The expansions of the fields in the corresponding harmonics are: 

oo (fc+1)^ 

fc=0 1=1 
oc (fc+l)(fc+2) 

k=0 1=1 ± 

Note that spinor spherical harmonics are 2— dimensional commuting Weyl spinors. The Killing spinor rj^ 
(parameter of the superconformal transformations) will have the same expansion as A'^, with coefficients 

77^''=^±(t). 

Plane-Wave Limit 

We want to truncate the infinite tower of Kaluza-Klein modes to the lowest supermultiplet [571 US • One can 
then climb up the various states (with increasing masses) by acting with the two supercharges Ql = (2,1,4) 
and Qfl = (1, 2, 4), where the numbers correspond to representations of SU (2)^(g)5?7 {2)j^(E)SU (4). Focusing 
on the zero modes of the Kaluza-Klein tower we find 6 scalar spherical harmonics, constant on S'^, and 4 
lowest spinor spherical harmonics S^^, in irrep (2, 1) © (1, 2) of SU (2)^ (g) SU (2)^ (the hatted index refers 
to the degeneracy of the solution), solutions to the the killing spinor equation for a Weyl spinor. 
The fields with only these zero modes become: 

(/),(a:^) - X,{t), 

Q = l 

If we restrict ourselves to half of the supercharges Q l , then together with the bosonic symmetries will 
generate the subalgebra su(2|4). The restriction to the Ql charges leads us to consider only the zero modes 
that areSU (2) singlets. Then we keep all the lowest scalar harmonics, and only two spinor harmonics 5'" + 
(instead of the 4 if we included S^^). The conjugate momenta tt^ will have the same expansion as its conjugate 
field that is tt^ (x^) — Hi (t). 

Now we can proceed to the actual integration on the supercharges. Going back to ([2|), we find thatH 

+ (^^ Xab 2^^4B) {9+^f^a'v^'' V2 [X^^\ Xcb] ^ll^^'^^t^} 

= Q+r] + S+r]*. 
The final expression for the supercharges is |f| 

^In order to obtain the supercharges integrated over S^, we used the properties of the spherical harmonics, as well as other 
properties of the Pauli matrices. These properties can be found in 1281 1271 |26I . and include af^icr^crj^ = (Jj^)'^ ia^Ofj, = —2ia^. 
In the same references one can find the expansion of spin 1 vector fields. We also used an identification between the radius of 
the sphere R and the Yang-Mills coupling constant Qym such that Att^ / Qy —> 1- This prefactor shows up when obtaining 
the action of the plane-wave matrix theory action from J\f = 4 SYM action, and would also appear in the charges. 

^Note that in our choice of basis the relation 5 = is not manifest. 
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Q% = Tr I -e^^ {jl^BA - 2znBA^ - ^e^^'Ol^ [X^^, Xca] 

3 The su(2|3) subsector and its restriction to the su(2|2) 

We'll continue by studying the sector 5u(2|3), as in [ID]. For that we reduce our fields as follows: 

e" = 9'^^, (j)" EE X"^, a = 1, 2; a = 1, 2, 3. 

By construction we have (f)°- = (f>a, and tTq = Il4a, as well as X^'^ — ^e^'^^^ Xad- The supercharges restricted 
to this sector can then be written as: 



(4) 



(5) 

In order to continue, we will need to rewrite the fields in terms of creation/annihilation operators. First 
identify = i-e. exchange the parameter i? by a mass parameter m ^26j. Then consider the expansion of 
the six scalars/momenta Xi, 11^: 



Ql - Trj 


[-^'' (;^^4. - 2^4.) - V2el/^ [x^'^^xca] } 


= Trj 




5"*" = Trj 




= Trj 





The bosons Xab are a combination of two real scalar fields such that Xa4 = | {Xa + iXa+s) , a = 1, 2, 3. If 
we now define the creation annihilation operators as a" = a" + m°+'^ and 6°^ = a"t + ia°'+^'< ^ with a = 1, 2, 3, 
we then have the following expansions for our (complex) fields: 

r ^X^^^ yi(aa + ^ta). ,^^n4.==iy|(at-5.), (6) 

with equivalent expressions for fields <j)^ and 7f°. Introducing also fermionic creation operators, the fermions 
become 

6lt" = c" = e'^'^cp ; = c^". (7) 

We will be interested in action of the charges on the subspace of states that will only have excitations of ct 
and h\ so we will drop the oscillators a, in the bosonic fields. We find: 

Q: = Tr|y|ct"6.-^£"/5^.,46^5t'']c,|, 

SI = Tr|-y^6t'^c„-^e„^e"''=ct'3[6„5,]|. (8) 
As expected, these results are similar with the ones in [57], up to a change of basis for the gamma matrices. 
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3.1 The su(2|2) subsector: vacuum and excitations 



The study will focus on states that transform in the su(2|3) sector and are single trace (gauge invariant) 
operators of the fields (3 bosons and 2 fermions). This spin-chain arises from the large TV— limit of the gauge 
theory. In this sector the action of the algebra generators can be found in [50] ■ Consider now the vacuum as 
a long string oi Z = cj)^ fields. In oscillator notation, we have Z = b^'' , and the vacuum state can be written 
as: 
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-Tr(fo3t'/) |o). 



A generalization of this vacuum consists in an infinitely long string of Z fields (the asymptotic regime, 
J ^ oo), as in |9j. The excitations are now the other fields of the su (2|3) algebra, x G {V'^i V'^l^^) </'^}) which 
corresponds to the su(2|2) subsector of the algebra. The excitations can move through the chain on Z's with 
some momentum p. Thus, in momentum space we can write 



X 



N 

E 



J 



X (Pk) , 



where n denotes the position of the impurity/excitation x on the vacuum string. 
A general state with K impurities can then be written as: 



Ixi, --xk; J) 



J2 e'Pi^^i+-+WKn^ \z... ZxiZ ■■■XI--- XK-Z) 



For an asymptotic state ( J — > oo) we consider the dilute gas approximation, where the positions ni, • • • , rife 
of the impurities obey ni <C ^2 <C • • • ^ uk- 

We should note that on-shell the physical states are cyclic (property of the trace), and so we must have 

Now that we defined the sates that the supercharges will be acting on, we can determine their action. The 
first step will be to check what the charges do to just one excitation on the vacuum. Then one can generalize 
to multi-excitation states of the su(2|2) subsector of su(2|3). Once we have the action of the charges on a 
multi-excitation state, we can determine the commutator of two supercharges, as a check of our results. 

In this subsector the charges ([8]) become 




SI = WyTr 



dip" 




-] \/2£"''£„^V^ 



_d_ _d_ 

dZ' W 



(9) 



where we chose a coherent state basis, such that 



d 
d 



For a = 3, we have the identification tp"^ = Z. The factor will appear as an overall factor in every charge 
calculated, and will be dropped, as we know that the quadratic terms come from the free theory gvAi = 0. 

We now proceed to determine the action of the supercharge Q (and equivalently S) on a single excitation 
state Ix; J) = X^n |2'"~^x-^'^ "^^)- If the excitation is bosonic, xe — (p^, then 



\x;J) 
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while if the excitation is fermionic, — "0^; we have 

= -(/J) V2£,,e"'3yZ+lAri/2|^«/(^+l)^./-«+i.j+l) + 

+ (^yj^ V2£,6e"'3yZ+lAri/2 (n) J + l) 

It can be seen from the expression above that the insertion of a Z field before the excitation changes its 
phase by e"*'', while the insertion after the excitation leaves that phase untouched. This is a property of the 
asymptotic state, for which an infinite number of Z fields exist after the (last) excitation. This was seen in 
[9] as being equivalent to "opening" the trace. In the above expression we also kept only the first order in -j. 

From the results shown above, we can easily determine the generalization to a multi- excitation state. 
First, rewrite the state as 

Ix; J) ^ \xi-xk; J)^Y1 e^^^'^+-+^^'-'-xIx^ • • • xl^ |0; J) . (10) 

{h} 

The action of one charge on such state is (zeroth order in -j): 



k=l {/;} \m=l 
K /fc-1 



E E e^'^^^^-^^r>.i. ^ (_1)^(™) j [5 (xL /) 5Ux\ • • • V^" (/.) ■■■x'k |0; J) - 
(xl^^) [ n ) i^'^"' - 1) ^abs'^^xlxl ih) • • • xlf |0; J + 1) I 

\m=k+l / J 



k=l {h} 



(11) 

and similarly for the S charge (noticing that the action of S" on a bosonic excitation returns an extra factor 
of N). In here 6 (^xIj^'') means that the excitation xO-k) is bosonic (ffi, while in 6 ^xL V''^^ th^ excitation 

xi^k) is fermionic ip^^ . The factor (— l)^''"-' is equal to 1 if Xm is bosonic and —1 if Xm is fermionic. Finally 
we defined M = ^/y"' When Xk is a fermionic excitation, one gets the expected factor of (e^'^'= — l) , which 
already showed up in the single excitation case, but one also gets an extra factor of nm=fe+i e"*^"". This last 
factor can also be explained by the insertion of the Z field. In fact in the single excitation case we saw that 
Z changed the momentum if inserted before the excitation on the chain of fields. But now the field Z gets 
inserted before all of the excitations Xm with m > k, hence the change of momenta of all these excitations. 

The results of the action of Q and S on a multi-excitation state will be summarized next using a non 
local notation (see also ^TU\). 



8 



3.1.1 Twisted vs. non-local notations 



The supercharges Q and S actmg on a general state \x', J) can be written in a non-local notation: 



Qa\x.J) = 5]{afc5::<5(xl,/) \xi---r---XK:J)+hueabe''^5{xli;^) |xi Xk; J + l)} , (12) 

K 

sl\x,J) = El^fc^"'^"/^^^!''^') \xi---i^^---XK;J-i)+dt,€5[xli^^) |xi---0'^---xk;^)}, (13) 



k=l 



where the coefficients are given by 



hk = 



Cfc 



m— 1 

A/3 
M3 



Tl=l 



(l-e- 



K 



n 

,=fc 

><■ 

n ' 

.771— 



_777 — 

K 



'2N 



M3 
/2iV 



-iP (g7p. _ 



k-1 



ip 



M3 



(1 



.771 — 1 

k-1 

n(-i) 



F(m) 



(14) 



n( 1 



,F(7^ 



771—1 



There is one other notation, introduced by Beisert in [10] . called the twisted notation. In this local notation 
we have 



Qa,k 




■■) 




Qa,k 




•> 


— Of^e ^Eab 


■ ■■z+y-4 


na 
^a,k 




■•) 




■■■z-y+^p 


na 
'-'a,k 




•> 


= 46i\---y-rk---)- 



(15) 



We notice the presence of the markers Z^,y^. These markers have a simple explanation, up to one loop. 
The marker y^ marks the position on the string of fields (the state) where a fermion field was inserted (3^^) 
or removed (3^~ ) . In the twisted notation we are only given the action of the supercharge on the field k of the 
string. But in order for a supercharge to act on such field it will have to pass by the previous ones. If these 
are bosonic fields nothing happens, but if they are fermionic, a minus sign will appear (for each fermionic 
fields it passes). Thus, it is important to know where the supercharge acted, which is done by the marker. 
The marker is shifted around as follows: 

■) = {^kf'\---y^xk---), 



where 



■xky^ 



a = (-1 



1 if Xk bosonic 
— 1 if Xfc fermionic 



(16) 



The marker Z^ marks a position where an extra Z field was inserted in the string. This changes the 
length of the vacuum spin chain, reflecting a change in the momenta of the excitation fields. But this change 
in momenta only affects the excitation fields after the position of the marker. The marker has the property 



■XkZ^---) 



Z^Xk • ■ •) , where 



(17) 
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with pk being the momenta of the excitation Xk, as before. 

In summary, the twisted notation is a local notation, since it only provides the action of the supercharge 
on the excitation field Xk, plus a set of markers that allow us to rewrite it in a non-local notation, as found in 
p2l [T3| . We can go from the twisted notation to the non-local one by removing the markers from the first, 
i.e., shifting them so that they will be at the right (or left) of all the excitation fields. 

In the local twisted notation we hav^ 

3.1.2 Comparison with Beisert at 1-loop 

One can find the all- loop version of these coefficients in [lOj , for both the non-local and the twisted notation. 
In fact we can expand the (non-local) coefficients given in that reference to order O (g), and compare them 
to our results. These coefficients are: 



k-1 



k-1 



bk = .9- (1 - e^^-^O n (e'^'M 



^^k 



k-1 

F{j) 



dk = 5^(l-e-^^-)n(-l) 

We used the identifications ([TB)) and (fT7|) into the transcribed coefficients, and also made a rescaling of the 
parameter 7^ —> ^/gjk- The expansion in g is hidden in the dependence of x~ on the coupling constant: 

x+ + ^-x- - — = -. (18) 
X g 

This last equation, together with (fT7|) . allows us to solve for x^ (g): 



1+ Jl + 16g^sm'{p/2) 

X — z 

25(l-e-'P) 

Then by expanding this expression up to order O (g), we obtain exact agreement with (|14p . as long as we 
identify "fk = (—1)^'-'^'' and a ~ e^^^ . Note that the relation between the normalized 't Hooft coupling g and 
the Yang-Mills coupling constant gym is 5 = ^^^y/Wl, from the gauge group SU (Nc). 

The other charges that we are interested in determining are the hamiltonian H and the central charges of 
the extended algebra P, K. These charges arise from commutation relations between the supercharges, which 
will be determined next. 



''The coupUng constant ~ {^) related to the Yang-Mills coupling constant gyM in the following way 



1 _ 9ym 
JV/S 327r2 ' 

This relation comes from matching the prefactor of the reduced SYM action with the prefactor of the matrix model action. In 
fact we had m = where R was the radius of . Taking the radius small corresponds to m 3> 1 and consequently gyM ^ 1- 
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3.2 Commutation Relations 

At this moment we have calculated only the supercharges of the full extended algebra su (2|2), up to O {g). We 
are interested in having the complete set of charges at this order, which comprises also the rotations generators 
L, i?, the dilatation operator H , and also the central charges of the extended algebra P, K (bosonic generators 
of momentum and boosts, which have zero eigenvalues when applied to physical states). All of these generators 
can be obtained to O (g) from the commutation relations of the supercharges. 

The central charges of the extended algebra receive no loop corrections , and as such, can be obtained 
exactly by the anti-commutation relations {Q, Q} ~ P and {S*, 5} ~ K , by knowing the zeroth order of the 
supercharges. The other generators will be obtained from the last anti-commutator {Q, 5} oc R + L + H , but 
while the zeroth order supercharges will be enough to determine rotation generators L and R, the central 
charge H will only be know correctly up to O {g), as we'll see below. 

In the anti-commutator of any two supercharges the only terms that will not vanish are the ones where 
the two supercharges are applied to the same excitation. The anti-commutator of two Q charges is: 



K 

{Qt^Q:}\xi-XK;J) = Y.\^^---{{Qb^Qa}xk)---XK;J 



k=l 



V2N 
M3 



K 

E 

k=l L 



(1- 



K 

n 

l=k+l 



\xi--xk;J + 1) 



l-e-^^^^if-) \xi-Xk;J+1) 



V2N 
AP 

This is just the action of the central charge {Q, Q} (x P oi the extended algebra on a multi-excitation state. 
The action of the other central charge of the extended algebra is obtained from {S*, S*} cx K: 



{S%SI}\xi...xk;J) = 



V2N 



We know from [TD] that there is an outer automorphism relating H and the central charges of the extended 
algebra P,K, which corresponds to an s[(2) algebra. Closure of this algebra on the original commutation 
relations of the supercharges requires that 



- PK 



1 



(19) 



This relation should only hold when we consider the all loop H, and not only when we consider the first two 
orders. Using non-local notation, we find that the product PK is given by 



PK 



2N 
AP 



8A^ 
M6 



/' K 

E 



2 



87V 
M6 



-(f) 



and so iJ 



^ + PK ^ ^ + ^ 



sin^ (^), which implies 



H = ±-^|l 



32N 



-'(i)^4V'-^-'(f) 



This is the result expected at one loop. The identification of the matrix model mass parameter with the 
Yang-Mills coupling holds at one loop but some mismatches were seen to appear at higher loop calculations, 
implying some kind of BMN scaling breakdown, and a substitution of the factor for a function / {^^) 
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We now calculate the anti-commutator of Q and 5, which will be proportional to i^, R1 and the hamil- 
tonian H: 

K 

{qH. si] \xi.-xk; J) ^ J2 {rAe''''' Ehb'S^J [xl r') |xi • xk; j) + 

k=l 

+Ckbke>'^'eo.o.'S^S [xli^^') |xi • • • V'"' • • • Xa-; j) + 
+afe4<5f5(xi>') \xi---r---XK;J) + 
+akdk6^6(^xlr) Ixi-'-i^^-'-XKlJ)} . 

From equations ([T^ we have that: 

; %c..i^(l-e-»)(e*.-l).-|?si„^(|). 

Also, we know from the algebra llj that 



2 



For multi-particle states this generalizes to 

K 

C^i Ixi-Xi^; J) = ^ xl • • • (xl) • • • xL |0; J) , 

with a similar result for the charge 
One can now easily see that 



{Qf , ^a} Ixi-xk; J) = <5f |xi-xk; J) + Ixi-xx; J) + 5f ( ^a^dfe + hkcA |xi-xa; J> 

fe=i ^ ^ 

A" 

-<5f5]6fcCfc5 (xL'/-") Ixi---</''^---Xa;J) 



fc=l 

-<5," E ^'^cfe^ (xl Ixi • • • V''' • • • Xi^; J) ■ (20) 

fc=l 

If we compare with the expected results from commutation relations given in ([T]), the last two terms seem 
to be extra. But in fact this is the exact result! We (anti-) commuted only the order and order of the 
supercharges. That is, we calculated the nonzero anti-commutators {Qoi Sq\ oc R + L + Ho and {Qi, Si}. This 
last anti-commutator contributes to order of the hamiltonian, H2 , but there will be another contribution 
to H2: the two-loop terms of the supercharges, Q2 and £"2, will have nonzero commutation relations with So 
and Qo, respectively, and contribute to O (g^)- So iJ2(the energy central charge of order g"^) will be fully 
determined by: 

H2<^{Si,Qi} + {S2,Qo} + {So,Q2}- (21) 

Only considering all the above anti-commutators we will get the correct result for the H2- For calculations 
see Appendix [3 and also [20] . 



The charges C and -R are the generators of the algebra that correspond to rotations of the i/i^ su(2) algebra and of the 0° 
su(2) algebras, respectively. As such, Ca \4''^) = 0, and i?^ |i/>''') = 0. 
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3.3 Supercharges as operators in momentum space 

We now present a description of the supercharges in terms of operators in momentum space. Consider as 
before an infinite chain of fields Z. The vacuum state, written before as |0; J) = Tr {^Z^^ |0) , can be rewritten, 

in the "hamiltonian formalism" introduced in [4 as |0; J) — (^J)"^ |0), where h\ creates an extra Z field in the 
string!^ Then we can write a state with K impurities as: 

l*>- e'^^"^&^("i)---^^^("A')|0; J) =6^(pi)---&^(pk)|0; J). 

We are imposing dilute gas approximation, in which we consider ni ^ n2 <C • • • <C uk- We will now assume 
■p\ <Vi< ■■ ■ < VK- 

In the last expression for \^) we used the creation operators 6^ (n) — fe^ (bz)", which create a boson 

b at position n in the string of Z's. One can also introduce c' (n) = c' (&z)" as a creation operator for 

a fermion at position n. The action of the hamiltonian in this framework can be found in [T, and a further 
comparison with lattice strings can be found in [36] . 

To write the action of the supercharges in terms of these operators, we also need to introduce a partial 
momentum operator 

V [p) = r dp'p' [6t (p') b ip') + ct ip') c [p')] , 
Jo 

or the discrete momentum version 

p (p) = ^ fc [6t (fc) i (fc) + {k) c (fc)] . 

The total momentum operator is just P = V^Pmax), where Pmax is either oo in the continuum case, or 
finite (but large) in the lattice. Also, define an operator Q conjugate to the "R-charge operator" J . In the 
spin-chain formalism, J effectively measures the length of the chain of Z fields, and Q changes that length: 

Je±^^|0, J) - (J±l)e±*®|0, J). 
We can now proceed to the action of the supercharges. In momentum space, they become: 

Of = -^'^'''^'"'^'^^^'^ E (p) i^'" " 1) (p) + E (p) (p) ; 

p p 

p p 

It is not hard to check that these definition give us the results obtained in the previous section. In the above 
expression the sum over momenta has increments of ^ 

Commuting two central charges Q will give us the central charge V: 

{g, 0} = e'^e-'^ J2 (P) (e'" - 1) e'^^^'^Mp) + e*^e~*^ ^ (p) {e'P - l) e'^^^^c (p) = V. (23) 



^The subscript z is used in this section, to distinguish the creation operator b], for the boson Z from the creation operator 
for the two bosonic impurities. 

^'^ The operator e^*® does not commute with the sum over the momenta, as it changes the increments in the sum. But in the 
limit J very large, this change will be negligible. 
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One can show that the central charge takes the much more common 

V = e^e-^P (e^P - l) = e*^ (l - g-*^) . (24) 

To summarize, we found expressions for the supercharges as operators in momentum space, as well as for 
their commutation relations, in the large J limit. These expressions once applied to states with K impurities 
will result in the expressions obtained in the previous section. 



4 SUSY generators in AdS^ x 

This section will be devoted to determining the action of the supercharges from the string action in AdS^ x 
on a lattice string, followed by a comparison of its structure to supercharges actions obtained in the previous 
section [331 

We now turn to the action of the supercharges from the AdS^ x perspective. We start from the results 
of [Tni[T2]. In Appendix IB] we find a summary of those results, and their restriction to the su(2|2) subsector. 
The fermionic supercharges Q and S are given by: 

Before continuing, let us notice that the coordinate x_ (cr) obeys: 

X- (cr) = / da'x_ (a ) + x- (— r) = / dair^s (c') + x'^, 



where x'_ — tTws (f) is the worldsheet momentum density. The total worldsheet momentum is given by 
Pws = fl^ daiTyjs {cr)- 

We now want to perform a mode expansion. To do so we will follow the notation of [17]. For the bosonic 
fields we have: 



r"=F„ = -^{A^^ + B'^) ; = = (Aa - Si) , (25) 



where uj = y 1 + ^A9^, and A is the effective coupling constant (light-cone gauge) in the pp-wave limit 
A = kept finite when P^, A — > oo. For the fermionic fields we have: 



With these expansions, we get the following results: 



^^It can be proven by using the property (valid for any power n, proven by induction, and for x fermionic or bosonic) 

f" (p) (p') = x+ (p') [e (p - p') p' + v (p)] " . 
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We will be keeping Y B^^ , dropping the oscillators A, . Then up to order O ('V^) i 

Ql = lJ dcrei^- (cIB'^ + V2e^pe'"'c^' VIo^bI'^ . (27) 

The same can be done for the supercharge S, which then becomes: 

Sa^lJ dae-i-- (cfBl + V2e"^eafc4 VAa^S") . (28) 

For a comparison with the Super Yang-Mills supercharges found in 13. 3[ we need to discretize the above 
results. To do so recall that r ~ -F+/2, and da — P+. Then the lattice version of Q is: 

Q a = 4 E n ^^"^'^ {^^ W (^) + ^^o.pe^"'^' (^) ^ ii) - Bl (e 1)) } 

= ^E^^'-e*''^'^ {cl W^" W + V2e„^e''^VA (st (£) - bI {£-!)) {£)} , (29) 
1=1 

where p (^) = ^ (^)- 

To continue, we need to write what p {£) does to an excitation: 



x(4 + i) 4>^ ■ 

By performing the following change of variables, cj^ (£) g-i^- e~iPWc'^^ (£)^ the charge becomes: 



4 



i E ^" + V2ec,pe^''V\ei''-eiP^^^c^ (i) e5P(^)e^"- (s^^ (^) - bI {£ - 1)) } 

\ E {4 W W + \/26„^e'^''v^e"- (^) - B,^ {£ - 1)) e^^'^^^c^ (^)} . (30) 



4 

^=1 



The other supercharge S*" can also be determined to be: 



-1 ^ T 

SI = _^e-3--e-^fW (c"(^)e5PWe5--Bl(£) + V2e"^eahe-*"-e"*^'(^)4(£) VX(B'(£)-B''(£-1))) 

£=1 
P+ 

= i E (^a W (^) + V2e"'3e,6v/Ie-"-e-'P(^)4 (^) (B'' (^) - S'' (£ - 1))) . (31) 

1=1 

If we wrote these charges in momentum space, we would obtain the exact structure for the supercharges 
([211), as long as we make the correspondence that the conjugate pair ,P+) ^ {q,J^. In the above 

expressions, plays the part of the length changing operator, as it is the conjugate variable to P+, the 
total light-cone momentum, which is in its turn related to the width of the worldsheet cylinder. For closed 
strings the total worldsheet momentum p^s has to vanish (on-shell) - level-matching condition. If we relax 
this condition (off-shell) and take P+ — > oo, then we obtain the centrally extended algebra with extra central 
charges C, C* added to the hamiltonian H (the same as the generators of translations P and boosts K). 

One other way of checking the results is by writing the supercharges in first quantized framework. Choosing 
again a state such that: 

p+ 

\Xi---Xk;P+)= E (mi) •••xk ("1/^)10; P+), 

{mi}=0 
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where Xi [fni) — i'T^'Xi^z ™S with bz being the osciUators equivalent to the field Z. Then 
Q". \xi---xk;P+) = \jz[ n i-iP'A [5{Xk,Bl)5t |xi • • • ct (fc) • • • xk; P+) + 



k=l \m=l 



K 



K 



n ^'^-H' 



\;=fe+i i=k 
Doing the same calculation for the S generator, one gets: 



Xi---Bl{k)---XK:P+ + l)). (32) 



SI Ixi • • • Xk: P+) = -JZ ( n (-1)"^^"^ [KXk.cl)5f,xi (mi) • • • (fc)) • • • (m^) |0; P+ 

/c=l \m=l / 

/ K K 

+ ^\5{xk,Bl)t'^f'eaA n e-'P' 



\l=k+l 



l = k 



Xi---cl{k)---XK;P+-l)\. (33) 



From this we can again see that the actions of the supercharges Q and S, have a similar structure at 
one-loop, on both sides of the correspondence. But while the results presented in this section are perturbative 
in A (BMN limit), the results presented in the previous section are perturbative in the 't Hooft coupling A, 
so one cannot perform a direct comparison. 



5 Conclusions and Acknowledgments 

In this paper we studied in detail the Q, S generators of the extended algebra 5u(2|2)in the plane- wave 
matrix theory formalism. By using a coherent basis we determined the supercharges in the non-local notation 
of Beisert [ID] (as well as in the local twisted notation), and determined some of the coefficients in this 
notation up to order O (gyM)- 

We also determined the anti-commutation relations of these supercharges, and obtained the expected 
results for the central charges P, K and H. We saw that we needed to know the hamiltonian up to two-loops 
in order to have a closed (anti-)commutation relation between Q and S. 

We finally wrote a first quantized formulation of the supercharges obtained directly from the sigma model 
action for the string. Having the supercharges written in that way allowed us to compare their structure with 
the what we had previously calculated from gauge side. 

The evidence seems to point to J\f — 4 SYM and IIB superstring theory being integrable models in the 
't Hooft limit. We also said that the scattering matrix is completely defined by the underlying symmetry 
algebra psu(2,2|4). One finds that the S'-matrix actually retains a symmetry algebra that is two copies of 
a central extension of the psu(2|2) algebra, in particular: psu(2|2) k = 5u(2|2) x R^. This symmetry of 
the S'-matrix is expected to be a Yangian [371 IMl ISH] , and have an underlying Hopf algebra [101 SI] (see also 
[42l l43l |44]V Having these new developments in minds, it would be interesting to apply the methods used 
in this paper to the study of the Hopf algebra related to the central extension, and get some results on the 
corresponding Yangian generators. 

The sector of near 1/2 BPS operators in TV = 4 super Yang-Mills has been well studied by the use of 
collective methods (351 ISS] ; and the same methods can be used to study the elements of the algebra in 1/4 
BPS sector (work in progress). 

The author would like to thank Michael C. Abbott and Thomas Klose for reading drafts of this work, and 
their very useful comments, and also to Antal Jevicki for having helped at every step of the project. Finally, 
the author would like to also thank the referee for several very useful comments. 

This work was supported in part by DOE grant DE-FG02-91ER40688- Task A, and also supported in 
part by POCI 2010 and FSE, Portugal, through the fellowship SFRH/BD/14351/2003. 
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A Commuting the su(2|2) supercharges up to two-loops 



The expressions found here are restrictions to the 5U (2|2) subsector of the fuU sector su (2|3) found in [20]. The 
supercharges at order g^, Qo, Sq, at order g^, Qi, Si and at order g^, Q2, S2 in the dilute gas approximation 
can be written as foUows: 



(Sofa = 



isi): 



b'3 

a'3 
a' 



36' 

3a' 
a' 



4 
4 



T73 



>74 



273-2^4 



63 

/33 

a3 
a3 



36 

3/3 

3a 
3a 



«7i 



' 4 



63 

3/3 

ai 
3a 



36 

/33 

ia 
a3 



We wiU be using the notation used in [20]. The index 3 above means an insertion of a field Z. The action 
I c^hc I 

of < > on a state looks for a sequence of a fermion followed by two bosons, and permutes them in the 

order 2nd boson- fermion- 1st boson. As an example in su (2|3), where indices 1, 2, 3 correspond to bosons and 
indices 4, 5 correspond to fermions, we have 

I 1142334452) = |134234452) -I- |242334415) . 



Determining the anti-commutation relations, we have: 



3a 

/33 



36 
a3 



a3 

3/3 

63 
3a 



^{m,(Qo)^} + ^{(5o):,(q4} 



= 2 



Op 



b 

a 

36 
a3 



+ 5 



a 

63 
3a 



Then the sum of these anti-commutators gives: 

{(^1): , (Qi)^} + {(^2): , (Qo)^} + {(So): , (02)^} = I 

where the two loop contribution for the hamiltonian (dilute gas approx) is: 
1 



3q: 
/33 



^2 



Ho 



a3 
3a 



3a 
a3 



a3 
3a 



3a 
a3 



a3 

3/3 



From the results presented above, we can see that we can only get the complete order g^ of the hamiltonian 
from the commutation of the supercharges if we consider their two-loops contributions. 
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B The Q Supercharges in the su(2|2) sector, on the String Side 

As can be seen in [121 US] j we can write the charges as 

Qm= j dae'^-- x{Bi{x,p) + CB3{x,p) + ---)+0{x'), (34) 

where we only kept the term linear in fermion fields, and kept all the bosonic terms of the expansion (i?„ {x,p) 
is the term with a product of n bosonic fields) . 

The next step is to determine the Poisson brackets of two charges with ai = a2 = 1- For example (see 
the appendix of [12]) 

{QZ, Qb} - ^"^^ab f dae-^^- (^x'_ + {x,p)^ , 

where f{x,p) is a local fmiction of the transverse fields. The result for |(5q,(5^| can be obtained by 
conjugation. Integrating this expression, we get 

We know that pyjs = X- (r) — X- {—r). We also impose the boundary condition a;_ (— r) = x'L, which is 
the zero mode of X-, conjugate to P+. Then: 

{QIM} - i."'^e.,e-"- (e-^-= - 1) , 

and consequently, the central charges are c, c* with: 

c = ie""- (l - e'P-=) e-^P-'., (35) 

Looking at the value of the central charge here and the one obtained from the spin-chain formalism, we can 
conclude that the results are correct up to an overall phase e^'^*™', as long as we match {Q,Q} ^ {S,Q} 
and {C, C^} <-!■ {K, P}. This overall phase is natural, as different boundary conditions for x- will differ from 
each other by such a phase. Also the algebra ([1]) allows a t/ (1) automorphism, which means we can always 
multiply all supercharges by some phase that can depend on all central charges. 



Some Comments 

In the case of P+ infinite, the zero mode x^_ vanishes, but the same is not true for finite light-cone momentum. 
This brings some problems, as for P+ (which is effectively the length of the string) finite, the transverse fields 
don't have to vanish at the string points, and the symmetry algebra is thus changed. 

At the quantum level, both p^^s and x'^_ are promoted to operators P, X'L, and the central charges are 

C = ie-^-(e-P-l), (36) 

and its conjugate C^^. Xl is the conjugate quantum operator of P_|_. If we consider a state P+ = p+ \p+)i 
then a state e^"--^°- obeys 

P+e'"^- ^{a+p+) e-^- . (37) 

Because P+ acts as the length of the string, the operator e^"'^- will be the length changing operator. The 
Hilbert space of the theory will be a direct sum, Ti = Hp^ , of spaces of each of the eigenvalues of P+. 
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B.l su(2|2) subsector and mode expansion 

The explicit form of the charges Qm was determined in [19 . The algebra J' includes two psu (2|2) subalgebras. 
We will be focusing on the psu(2|2)j^. 

The leading quadratic order of (j34p can be read from the results in 19J. The fermionic charges are at 
leading order: 

(z0t/3 (2P^ - ^Y)^ (2P^ + izf rj, + B^Yi - ^Z'S^\ (39) 

= ra^ 

We want to restrict ourselves to the su(2|2) subsector of 9 . This corresponds to keeping only the 2 
complex coordinates and the respective conjugate momenta P^. These will correspond, in the SYM side, 
to our bosonic excitations 0°, with a = 1, 2. In terms of the fermions we will be interested in only keeping 
O^jdl^, which will correspond to the 2 fermionic fields ipa, V'^" from SYM. 

The vacuum of the fields Z in Yang-Mills will, in this case, correspond to [1] 

With these restrictions, the fermionic supercharges ([551) ^^'^ (1551) become: 

SZ - y daeri-- (zr (2P^ + ^y),- e^^'eab^^r'") , 
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